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Abstract 
Oxenham, M.G. and L.R.A. Casse, On a geometric representation of the subgroups of index 6 
in S,, Discrete Mathematics 92 (1991) 251-259. 
Using a structure isomorphic to the unique generalised quadrangle of order 2, .de establish 
several properties of the symmetric group S, on six letters. In particular we give a geometric 
representation of the subgroups of index 6 in S,. 
1. Iutroduction 
The symmetric groups on n letters, as the name suggests, are of fundamental 
importance in describing the symmetries of finite structures. On the other hand, 
properties of finite structures can often be used to gain insight into the internal 
structure of the groups themsei yes. To exemplify this, .we shall establish a 
geometric representation of S,, the symmetric group on six letters, and of its 
subgroups of hrdex six. This representation demonstrates a property peculiar to 
S6; this property is stated in [S]. 
Theorem 1.1 [5, Sat2 5.51. Let S,, be the symmetric group on n letters. 
(i) If K f 6, ~!wr th_ pre is exactly one conjugacy class of subqoups o,f index n in 
S,,. Each such subgroup is the stabiliser of a letter and so is isomorphic to S,_, . 
(ii) if n = 6, then there are exactly two conjugacy classes of subgroups of index 6 
in 23,. Each of the six subgroups from one class is the stabiliser of a letter while 
each of the six subgroups from the second class acts Ztransitively on the six letters. 
(Note: the construction of the subgroups from the second class is given in [lo, p. 
3011.) The twelve subgroups are all isomorphic to S,. 
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The method employed to obtain these results uses a structure attributed to 
Sylvester. As a by-product of this examination we shall also give a new proof of 
the classical isomorphism between PSp(4,2) and S,. 
2. Generalised quadrangles 
The definitions and theorems of this section can be found in Chapter 1 of Thas 
and Payne [8]. 
D&&ion 2.1. A finite generalised quadrangle (GQ) is an incidence structure 
S = (P, B, I) in which P and B are disjoint (non-empty) sets of objects called 
points and lines (respectively) and for which I is a symmetric point-line incidence 
relation satisfying the following axioms: 
(1) Each point is incident with 1 + t lines (t >, 1) and two distinct points are 
incident with at most one line. 
(2) Each line is incident with 1 + s points (s 3 1) and two distinct lines are 
incident with at most one point. 
(3) If x is a point and L is a line not incident with X, then there is a unique 
pair(y,M)EPxBforwhichxIMIyIL. 
The integers s and t are the parameters of the GQ and S is said to have order 
(s, t); ifs = t then S is said to have order s. 
Remark 2.2. (1) Each GQ possesses a point-line duality such that in any 
definition or theorem the words point and line may be interchanged and the 
parameters and t may be interchanged. 
(2) The number of points of a GO of order (s, t) is (s + i)(sr + i); dualiy, the 
number of lines in a GQ is (t + l)(st + 1). 
De6nition 2.3. An ovr;(id of the GQ S = (P, B, I) is a set 0 of points of S such 
that each line of S is incident with a unique point of 0. A line of S through a point 
x of the ovoid is called the tangent line at x. A spread of S is a set % of lines of S 
such that each point of S is incident with a unique line of 9% 
Remark 2.4, (1) Prom the definition and Remark 2.2 an ovoid has (st + !) 
points and a spread has (st + 1) lines. 
(2) The definitions of spreads and ovoids of a GQ given above differ in general 
from the definitions of ovoids and spreads of PG(3, q). However, in the case of 
the classical GQ, W(q) of order q with q even, the ovoids and spreads of W(q) 
are also ovoids and spreads of PG(3, q). (The points of W(q) are the points of 
PG(3, q) and the lines of W(q) are the lines of a general linear complex in 
W3, q).) 
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3. Duads, synthemes and W(2) 
It is well known that there is a unique general&d quadrangle of order 2. (See 
for example [8, p. 1221.) In 1844 Sylvester [9] gave a simple construction of this 
quadrangle although back then it was not referred to as a quadrangle. This 
construction used what Sylvester called duuds and synthemes; these are defined as 
follows. 
Definition 3.1. A duad is an unordered pair ij = ji of distinct integers from 
among the integers 1 to 6. A syntheme is a set of three duads {ij, kl, mn} for 
which i, j, k, Z, m and n are all distinct. 
Construction 3.2. Define the incidence structure W = (P, B, I) as follows: 
(1) P is the set of all duads. 
(2) B is the set of all synthemes. 
(3) I is set inclusion. 
Then W is a finite generalised quadrangle of order 2. (By the statement in the 
introduction to this section W is the unique quadrangle of order 2). W has exactly 
six ovoids, each of which has the form: 
tJ={iu laE$\{i}} 
where J is the set {1,2,3,4,5,6}. 
It is shown in [8] on page 122 that W possesses a polarity o and hence is 
self-dual. Thus corresponding to each ovoid in W there is a unique spread of W, 
namely the image of the ovoid under the polarity. We can represent one spread 
as follows: 
B1 = { li, (i - l)(i + l), (i - 2)(i + 2)) 
where i runs from 2 to 6 and (k) means k is to be reduced modulo five to one of 
2 ,6. The other five spreads can be obtained by applying the transpositions 
(ij)‘to Wi, for each j from 2 to 6. We thus define 
for each j from 2 to 6. 
Let S, be the symmetric group on the six symbols { 1,2,3,4,5,6). Then, from 
the construction of W, it follows that S, acts as a collineation group of W. In fact 
S, is the full collineation group of W. In [8] this is stated without proof; we 
present a proof here. 
Theorem 3.3. Let G be the full collineation group of W. Then G is isomorphic to 
S 6. 
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Proof. By the remarks above, S, is isomorphic to a subgroup G’ of G. In what 
follows, we identify G’ with S,. 
Let cy be an arbitrary collineation of W Consider the action of c~ on the ovoid 
0, of W. Oi is mapped by cy to a second ovoid 4 for some i. Thus for each j in 
,%\ { 1) (where J is as before), there is a unique k in 9 \ {i} such that cu(lj) = (ik). 
Hence cy induces a permutation # from 9 to 6, where $ is defined as below: 
@:1-i j H k when Ly( lj) = (ik). 
By construction LY acts on the points of Cs; in the same way as 9 does. Therefore, 
to complete the proof, it is sufficient o show that LY is also equivalent to # for all 
points not on the ovoid. 
Let ab be a point of W \ t!J. Then u and b are both different from 1. Rewrite .% 
as { 1, a, b, c, d, e}. The point ab lies on the three lines tangent to 4, namely 
Ii = {ab, lc, Cre}, f2 = {ab, Id, ce}, l3 = {ab, le, cd}. 
The lines Ii, l2 and l3 map under cy to three lines which have the point cu(ub) in 
common and which are tangent to Oi. Since lc E O;, we have 
&) = (&rb), dOc), d++)] = {cu(ab), i@(c), a@$). 
Similarly 
a(&) = MN, M(d), I), a(&) = Ma0 $(e), a(@]. 
Let cu(ub) = SC. Since a([,), a&) and cu(&) are also lines of W it follows that 
s, 2, i, $(c), #(d) and $(e) are all distinct. Thus 
9 = {i, s, t, e(c), 4@), 9(e)]. 
However 
9 = e(9) = {iJ @(a), +(b), +(c), #(d), 9(e)>. 
Thus comparing the two sets we have immediately that {s, c} = {#(a), e(6)}, 
implying that cu(ub) = #(u)@(b). It follows that (Y is also equivalent to $J for all 
points of W \ 4 and so a is an element of S, and G is S,. El 
4. General linear complexes in PG43,2) and several group isomorphisms 
In Section 2 it is mentioned that W is isomorphic to the unqiue generalised 
quadrangle W(2) of order 2. This result is given jrt the beginning of Chapter 6 in 
[8] but the method of proof there involves first showing that all the points of a 
GQ of order 2 are regular from which the isomorphism is deduced. However we 
shall establish the isomorphism by actually embedding W into PG(3,2). Using 
this embedding we shall then derive several group theoretic results. Before doing 
this we need to define a few terms. 
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Definition 4.1 [l]. Let 2 = (P, B, I) be an incidence structure. Then i: is a,,%& 
projective space if the following four axioms are satisfied: 
(1) There is exactly one line incident with each pair of distinct points. 
(2) $‘eblen) _ If a line intersects two sides of a triangle (not at their point of 
intersection) theu it also intersects the third side. 
(3) (Fano) Every line contains at least three points. 
(4) There is at least one line which is incident with a finite number of points. 
Remark 4.2. The four axioms for a finite projective space C imply that each line 
has the same number of points. If this number is n + 1 then 2 is said to have 
order n. Furthermore, the number of points in a finite projective space of order n 
is (n’+’ - l)l(n - 1) for some integer t; 2 is then said to have dimension t. 
Definition 4.3 [4]. Let L = (loI, l,, Los, LIZ, IsI, l,) be the Plucker coordinates of 
a general line 1 of PG(3, q) and let A = (a 01, a02,a~3, a12, a31l a~), where each uii 
is an element of GF(q). If ~01u23 + aMa3] + ao3a12 is not zero then the set of all 
lines 1 for which 
A-L=0 
(where - denotes the dot product), is defined to be a general linear complex of 
PG(3,q). 
There are other ways in which w= e can define a general linear complex; for 
example the set of totally isotropic lines of a symplectic polarity forms a genera1 
linear complex (and every general linear complex gives rise to a symplectic 
polarity). (See [4, Chapter IS] or [6, p. 3731.) Also in PG(3, q), q even, a genera1 
linear complex is equivalent to the set of tangent lines of an ovoid 6. (See [4].) In 
[2], De Resmini obtains a characterisation of a general linear complex simply as a 
set of lines satisfying certain intersection properties with the pencils and stars of 
lines of PG(3, q). 
Definition 4.4 [2]. Let dp’ be a subset of lines of PG(3, q). Then 9’ has the 
property A,,, with l<msnsq*+q+l if 
(1) 19 n PI= 1 or m for every pencil B of lines in PG(3, q). 
(2) 19’ fl Y’p( = m or n for every star Y of lines in PG(3, q). 
Theorem 4.5 [2]. Let 6p be a subset of lines in PG(3, q) which has the property 
A q+l,q+l- Then 2’ is Q general inear complex. 
Consider the structure of W. W has 15 points which is the number of points in 
PG(3,2). However, W has only 15 lines; so, to embed W in PG(3,2) we need to 
construct 20 more !ilzes. To achieve this we define a triplet. 
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D&&ion 4.6. A tripret is a set of three duads {ij, jk, ki} for which i, j and k are 
all distinct. 
Cum&~~ction 4.7. Define the finite incidence structure & = (P, B, I) as below. 
(1) P is the set of all duads. 
(2) B is the set of all synthemes and all triplets. 
(3) 1 is set inclusion. 
Then W is naturally embedded in & which we shall now show is isomorphic to 
PG(3,2). 
Theorem 4.8. & ir isomorphic to PG(3,2). 
Proof. It is immediate that axioms 1, 3 and 4 of Definition 4.1 are satisfied. We 
now prove that the Veblen axiom of Definition 4.1 also holds. 
Let ab, cd, ef represent he vertices of a triangle. Now CL, 6, c, d, e and f cannot 
all be distinct because then the three duads would form. a syntheme forcing the 
points to be collinear. Similarly at least four of them must be distinct otherwise 
they would form a triplet. This implies that the set of vertices is equivalent to one 
of the following possibilities: 
Case (i): {ab, ad, uf} with u, b, d and f all distinct. 
Case (ii): {ub, bc, cd} with a, b, c and d ull distinct. 
Case (iii): {ub, bc, de} with a, b, c, d and e all distinct. 
In each case there are only three points on the sides of the triangle besides the 
vertices. Hence it is sufficient o check that these points are collinear. For Case (i) 
the points are bd, bf, df which form a triplet. For Case (ii) the points are 
UC, ef, bd which form a syntheme. For Case (iii) the points are UC, cf uf which 
form a triplet. 
Hence & is isomorphic to a finite projective space. The dimension and order of 
the space are immediate from the number of points in & Cl 
Theorem 4.9. The lines of W form a general lineur complex of &. 
Proof. Let ub be a point of & and let the elements of $\{a, b} be c, d, e, f. 
Then the three lines of W through ah are 
{ab, cd, ef 1, {ub, ce, d% {ub, de, cf 1. 
These lines are coplanar in E2 because they have the point a6 in common and 
{cd, df, cf} as a transversal. 
Consider first a pencil 9 of lines with vertex V. By the above, the lines of W 
through V will be coplanar in a plane JZ. The plane containing 9 either meets K in 
a line or it coincides with it. If the planes meet in a single line then this line 
belongs to both W and 9 bzwse V lies on the line. if they coincide then 9 
coincides with the pencil of lines ot l”b through V. Hence each pencil of lines in 
& meets W in one or three lines. 
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Now consider a star of lines with vertex U. There are exactly three lines of W 
through U. Hence each star of & meets W in exactly three lines. 
It fo!!ows that W has the property A 3,3. Therefore, by Theorem 4.5, W is a 
general linear complex of Z;. Cl 
It is apparent from Theorem 4.9 that W is isomorphic to the genera&d 
5 ,__I px,‘?\. X_ qUaufdll~e w (A, ;;,kbed !n Rcmsrk 2.4. We are also now in a position to 
establish several group theory results. The first result is certainly classical; it is 
proven directly in [5, Satz 9.211, while in [4, Theorem 17.551 it is proven through 
an examination of the packings of PG(3,2). However the proof below is more 
elementary. 
+Ikeomii 4.13. The projective sy.mp~ectic ,prm~ PSp(4,2) is isomorphic to S,. 
Proof. The full collineation group of a general linear complex in PG(3,2) is 
PSp(4,2), (see [4, p. 61). In Theorem 3.3 we showed that S, is the full collineation 
group of W. Also, each collineation of W extends to a collineation of 2,. Thus 
PSp(4,2) is isomorphic to S,. Cl 
Theorem 4.11. PSp(4,2) acts transitively on the ovoiak and spreads in a general 
linear complex in PG(3,2). 
Proof. In PG(3,2) all general linear complexes are projectively equivalent. 
Hence, without loss of generality, we can consider the action of PSp(4,2) (or S,) 
on W. In Remark 2.4 we stated that the ovoids and spreads of PG(3,2) lying in a 
general linear complex are the same as the ovoids and spreads of the generalised 
quadrangle defined by the complex. Hence the ovoids and spreads of PG(3,2) in 
W are exactly the ovoids Q and the spreads $@i in Construction 3.2. 
By the form of the ovoids of W, it follows that the permutation (ij) in S, maps 
4 to 4 while fixing W and PG(3,2). Hence PSp(4,2) (or S,) is transitive on the 
ovoids in W. 
It is immediate from the definition of the spreads that every spread of W lies 
in the orbit of sEl under the action of S,. Hence PSp(4,2) (or S,) is transitive on 
the spreads in W. (This can also be proven using the fact that PSp(4, q), for q 
even, acts transitively on the regular spreads lying in a general linear complex, 
(see [7]). Since all spreads in PG(3,2) are regular we have that PSp(4,2) is 
transitive on the spreads in W). Cl 
Theorem4.12. Let CJ (for i E { 1,2, 3,4,5,6}) b e an ovoid in W. Then the stabiliser 
in S, of Oi is a subgroup of index 6 in S, and is the stabiliser of the symbol i. 
Proof. Let @ be the orbit of Q under S, and let GoI be the stabiliser of q. 
From Theorem 3.3 the ovoids of W all !ie in a single orbit. By the 
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orbit-stabiliser theorem we have 
IS,1 = IG{Q)I @l. 
Hence 
Thus the stabiliser in S, of Oi has 5! elements and is of index 6 in S,. 
rll*bptmore. each of the 5! uermutations of S, which fix the letter i, also fixes Oi. _ I  _l*V______  , _ 
Hence, the stabiliser in S, of Oi is the stabiliser of the symbol i. El 
Theorem 4.W. Let @for i = 1 to 6 be a spread in W. Then the stabiliser in S, of 
3$ is a subgroup of index 6 in S, and acts 2-transitively on the symbols 1 to 6. 
Proof. As in the proof of Theorem 4.12, the stabiliser of %!i s a subgroup of 
order 6 in S,. Now consider the action of the permutations (12) and (34) on the 
spreads of W. (12) interchanges %i with s, .%$ with s, and R, with 9&, while 
(34) interchanges 9i with 9&, 9& with 9&, and 3, with 9i&. The stabiliser of a 
symbol i for i = 1 to 6 contains at least one of the permutations (12), (34). Hence 
none of the stabilisers of a symbol i fixes the spread %i. Consequently, as 
defined in Theorem 1.1, the stabiliser in S, of @ is a subgroup in the second 
conjugacy class of S,. This implies that the stabiliser of %!i acts 2-transitively on 
the symbols 1 to 6. q 
Remark 4.14. (1) Theorems 4.12 and 4.13 show that the stabilisers in S, of the 
ovoids of W are the 6 subgroups of index 6 in S, from the first conjugacy class and 
that the stabilisers in S, of the spreads are the 6 subgroups of index 6 from the 
second class. Also, by Theorem 1.1, these 12 subgroups are all isomorphic to S,. 
Finally, since the stabiliser of a spread in W acts 2-transitively on the symbols 1 
to 6, it is transitive on the points of Zz (that is on the duads of W). 
(2) The theorems also hold for an arbitrary general linear complex in PG(3,2); 
We have proven them however. just for the case of W in order to display most 
clearly the structure of the subgroups. 
5. Conchsion 
The motivation in part for this work was the problem of determining the full 
collineation group of the unique proper 2-cover of PG(3,2). (A 2-cover of PG(3, q) 
is a set of lines C2 such that each point of PG(3, qj is incident with exactly two 
lines of Cz. It is proper if it is not the union of two disjoint spreads). The proper 
Zcover of PG(3,2) was discovered by Bruen and Ott and was first mentioned in 
the literature in [3] where it was conjectured to be the projectively unique proper 
2-cover of PG(3,2). This has been shown to be true in [7]. The 2-cover can be 
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constructed from a general linear complex in PG(3,2) by removing a spread. It 
follows simply that the full collineation group G of the 2-cover is the same as the 
stabiliser in PSp(4,2) of the spread which is removed. Therefore G is isomorphic 
ta 4. 
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